Multi-terminal high voltage direct current (MT-HVDC) technology is a promising technology for the offshore wind farm integration, which requires the new control and operation scheme. Therefore, the optimal power flow problem for this system is important to achieve the optimal economic operation. In this paper, convex relaxation model based on semidefinite programming for the MT-HVDC system considering DC/DC converters is proposed to solve the optimal power flow problem. A hybrid AC and MT-HVDC system for offshore wind farm integration is used for the test. The simulation results validate the effectiveness of the proposed model and guarantee that the global optimum solution is achieved.
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II. INTRODUCTION
Wind energy has become an important electric power source nowadays due to its cost-effectiveness and environmental friendliness [1] . In addition to the onshore wind farms, offshore wind farms also draw a lot of attention because of better wind quality and limited inland sites to build new wind farms [2] . High voltage direct current (HVDC) technology is one of the most favorable options for the integration of offshore wind farms to deliver the power for inland customers [3] . Multi-terminal HVDC grids are emerging as a very promising concept to support the mesh DC networks such as SuperGrid [4] proposed in Europe, and therefore draws a lot of interests from industry and academia. In China, it ranked the 3 rd in terms of total installed capacity of offshore wind turbines, and a new 1160 MW capacity of offshore wind farms are installed in 2017, an increase of 97% over the previous year [5] . Compared with point to point HVDC transmission system, MT-HVDC are based on highly controllable devices such as voltage source converter (VSC) based terminals, which not only could transmit the power but also supporting AC grids to ensure a security and stable operation. This technology has the capability to transform the traditional inverter from grid following to grid forming. However, the MT-HVDC system is more difficult to control. In addition, highly meshed MT-HVDC systems require DC/DC stations to interconnect HVDC systems with different nominal voltage or different configuration such that it could control the power flow on a specific HVDC line, which makes them equally important in MT-HVDC grids [6] . Therefore, the optimal power flow (OPF) problem for the new type MT-HVDC grids integrated with offshore wind farms is very critical for future power system operation and control, which could achieve the economic operation while maintain the limits.
Non-convex OPF problem has been extensively studied recently to search the global optimum solution. In [7] - [9] , it is proved that the global optimum point could be achieved if the duality gap is zero by applying semidefinite programming (SDP) relaxation. In [10] , a SDP based method is proposed to solve the OPF problem for hybrid systems with DC microgrids. In [11] , an improved approach to solve the security constraint OPF for MT-HVDC system is proposed, while the method is based on local optimal approach. In [6] , a SDP based method is proposed to solve the OPF problem only for MT-HVDC system, while the interconnection with AC system and offshore wind farm is not studied.
In this paper, the global optimum solution of the OPF problem is discussed for the hybrid AC and MT-HVDC system considering offshore wind farm integration. The nonconvex OPF problem is transformed to convex problem by applying SDP convex relaxation. The simulation results verify the effectiveness of the proposed method.
The organization of this paper is discussed as follows. Section III describes the non-convex form OPF for the hybrid AC and MT-HVDC system, section IV transforms the nonconvex problem into convex problem by applying SDP relaxation. And a case study is shown in section V to prove the effectiveness of the proposed method.
III. MODELS FOR HYBRID AC AND MT-HVDC SYSTEM
WITH OFFSHORE WIND FARM INTEGRATION The Hybrid AC and MT-HVDC systems consists four major parts: the AC system, MT-HVDC system with DC/DC converters, AC/DC converters and the offshore wind farm. The standard power flow equations are used to formulate the OPF problem. In this section, these four systems are modeled as follows.
A. AC Systems
Consider an AC system with a set of buses NAC = {1, 2, … , nAC}, a set of transmission lines LAC, and the generator buses are gAC NAC, then the classic OPF problem could be formulated as follows [7] - [9] :
where ykl is the admittance between bus k and l. The objective of this problem is to minimize the costs of generators, and fk(PGk_AC) is the quadratic cost function for generator k ∈ gAC shown as follows:
Because of the equality power flow equations in (1), this problem is not convex.
B. MT-HVDC System with DC/DC converter
Although there are many different topologies for the MT-HVDC system, the AC/DC terminals are modeled as VSC type in this paper. Because of the AC/DC terminals integrate AC grids and HVDC grids, AC/DC converters control the power injections or consumptions at that specific bus and can be treated as nodal devices. However, the power flow among the HVDC lines can't be controlled by AC/DC terminals alone. DC/DC converters is expected to be included in the MT-HVDC systems to enhance controllability [6] . Therefore, this new control variable must be considered in the power flow formulation.
There are several different control strategies for MT-HVDC system including master-slave control, margin voltage control, priority control, ratio control and droop control [2] . This paper adopts master-salve control scheme for AC/DC terminals. Therefore, one DC bus can be modeled as a slack node. An example of MT-HVDC system with one DC/DC converter based on a reduced version of the CIGRE B4 bipolar DC grid [6] are shown in Figure 1 . In this system, there are 8 buses, 10 transmission lines and six AC/DC converters with one DC/DC converter, where one AC/DC converter connects with one offshore wind farm. Firstly, the model of AC/DC converter is established as two generators connected with the corresponding AC bus and DC bus. An example is shown in Figure 2 . The power balance of AC/DC converters needs to be considered as follows, where the power loss in converter is modeled by its efficiency. As for the bus k ∈O , there's another constraint due to the converter's capacity limit, which is shown in (4).
As for DC/DC converters, similar to [6] , the losses are modeled as quadratic form related to the average transferred power, where the assumptions and power loss factors are based on [12] . Consider the DC/DC converter connected with node k and m, which is shown in Figure 3 , the losses are modeled as two loads, which represent the half loss of that converter. The power balance is shown in equation (4). 
Because the power flow is calculated in steady state, the offshore wind farm in Figure 1 is modeled as one equivalent generator [1] , and treated as PQ bus type. Then the power flow for MT-HVDC system could be formulated as follows: 
,
where akl is the flow sequence value for DC/DC converter connected with bus k and l. akl equals to 1 if the power flows from k to l in the DC/DC converter, otherwise, it would be -1. gkl is conductance for the line connected between DC bus k and l. In this paper, the AC/DC converter connected with DC bus 1 in Figure 1 are considered as master converter. Active power injection upper limits for DC buses are related with the capacities of AC/DC converters, while the lower limits are concerned with the least power delivered from AC grid to DC grid, or vice versa. However, under some specific circumstances, the limits are fixed. For example, as for the bus 6 in Figure 1 connected with offshore wind farm, because the power generated by the wind costs less than traditional generators, all the power generated from wind energy should be dispatched first, then the DC power injection limits min 
The DC grid problem shown in (6) is not convex either because the power balance equation and converter loss equation are not affine equality constraints. In addition, there are many different forms for the objective function of MT-HVDC system. In this paper, the goal is to minimize the losses in the HVDC transmission lines with shown constraints in equation (6) .
IV. CONVEX RELAXATION OF OPTIMAL POWER FLOW PROBLEM BASED ON SEMIDEFINITE PROGRAMMING
Semidefinite programming is one of the optimization technique in convex optimization field, where the optimization variables are symmetric positive semidefinite matrices. In addition, the inequality constraints for SDP problem are the combination of linear matrix inequalities (LMIs) [13] . What's more, it is capable to solve problems with hundreds or thousands of variables in few seconds by applying interior point method [13] . Therefore, it is a very promising approach for power systems applications where the real-time control is required.
A. SDP Relaxation
Due to the aforementioned OPF problems are not convex, similar like paper [7] , the convex relaxation based SDP is applied first, and some new admittance matrices employed for bus injection and voltage magnitude are introduced as follows. 
According to [7] , the classical AC OPF problem in (1) could be transformed as follows: 
The equation (8k) is the constraint for the slack bus, where the imaginary part of the slack bus voltage should be 0. Because the constraint of equation (8l), this problem is still not convex, however, if this equation is removed, then the problem could be solved by SDP. Also, if this SDP relaxation is feasible and the rank of WAC is coincidently 1, then the problem is solved, and furthermore, this solution could be seen as globally optimal point. From paper [7] - [9] , it is proved that the feasible solution of AC OPF problem from the SDP relaxation could be the recovered if the rank of WAC is less than 2.
Similarly, the OPF problem for MT-HVDC system could be formulated. The conductance matrices are defined as follows: 
Then the OPF problem for MT-HVDC system in equation (6) is shown as follows: 
The OPF problem in MT-HVDC system is convex if the equation (10k) is removed. If the rank of WDC in the corresponding feasible solution is 1, then the global optimum solution is achieved. In this paper, for the hybrid AC and MT-HVDC system with offshore wind farm integration, the objective function is to minimize the cost of generators and losses in the system. Then the objective function is shown in equation (11) . What's more, the equation (3) for the converter balance constraint and the equation (4) power converter capacity constraint in SDP format are shown in (12) and (13) . Then the problem for the hybrid AC MT-HVDC system as SDP relaxation format is formulated as equation (11) with the constraints (8b)-(8k), (10b)-(10j), (12) , (13 
B. Voltage Recovery From [7] , it is proved that if the rank of matrix WAC is one, then there's zero duality gap for AC OPF problem by applying the SDP relaxation, and if the rank is 2, then it's possible to recover the original solution and the global optimum solution is achieved. If the rank is bigger than 2, then the original solution couldn't be solved. From the paper [14] , if the eigenvalue ratio between the largest eigenvalue and the third largest eigenvalue is bigger than 10 5 , then then rank of matrix WAC could be seen less than or equal to 2. After achieving the feasible matrices WAC and WDC with suitable ranks, the voltages could be recovered. The main approach to recover the optimal voltage vector is to use the eigenvalues and corresponding eigenvectors. If the rank of matrices WAC or WDC is 1, then the optimal voltage vector is shown as follows:
If the rank of WAC is 2, then the recovery equation is [8] : 
Both the recovered voltage vectors for AC system are in complex format for equation (14) and (15) .
V. CASE STUDY
In this paper, the MT-HVDC system with integrated offshore wind farm for the simulation is the same system shown in Figure 1 , while the AC system is the combination of IEEE 39 bus system and IEEE 9 bus system, where there's one line connected bus 6 in IEEE 39 system with bus 7 in IEEE 9 system, and it is shown in Figure 4 . Also, the apparent power limits for this transmission line is 30MVA.
The bus number for IEEE 9 bus system is re-numbered after IEEE 39 bus system. The objective function is to minimize the costs of the generators and the losses in the system shown in equation (11) with the constraints shown in (8b)-(8k), (10b)-(10j), (12) , (13) . The AC bus numbers connected with MT-HVDC system are shown in Figure 1 with regrouping numbers. The output of the offshore wind farm is set as 700MW and the parameters of converters are shown in table I. The HVDC line parameters comes from [6] . And the controlled voltage for AC/DC converter is set as 0.98 p.u. Figure 4 . AC system for case study
The hybrid system with MT-HVDC case is simulated in MATLAB, where the YALMIP [15] is used for the model establishment. In addition, the system data is adopted from matpower6.0 [16] . MOSEK is used as the solver for the problem. The function runsdpopf() provided by [8] in matpower6.0 is run first for AC system shown in Figure 4 as a comparing result with the hybrid AC and MT-HVDC system. The eigenvalue ratio of matrix WDC is 2.2*10 7 , which approximately guarantee the rank of WDC is 1. In this paper, δ1=0, β1=0.05, γ1=0.03. From the simulation, the cost function results for AC system is $46924.85/hr, and the total loss is 49.3 MW. Because of the zero cost for 700MW wind farm integration in this paper for the hybrid system, the cost is reduced to $36949.28/hr. The comparison results between AC system and the hybrid AC MT-HVDC system in the aspect of costs and losses are shown in table II. And the other simulation results are shown from Figure 5 to 10. As for the power flow in MT-HVDC system, the test results and the line flow limits used for the simulation are shown in table III. From table II and Figure 7 and 8, because of the offshore wind farm integration with the system, the generators outputs are reduced, which leads to less costs for the operation. Furthermore, only the DC bus 6 and 3 are positive power injection in the MT-HVDC system, while other AC/DC converters deliver the offshore wind farm's output to the AC system.
VI. CONCLUSION
In this paper, the convex relaxation for MT-HVDC system with integrated offshore wind farm is presented by applying the semidefinite programming model. The combined IEEE 39 bus and IEEE 9 bus system is used as the AC system for the simulation. In addition, the DC/DC converter model is considered in MT-HVDC system, which is an important component to control the power flow in HVDC transmission lines. The simulation results validate the effectiveness of the convex relaxation model.
